Abstract. Quantum homogeneous supervector bundles arising from the quantum general linear supergoup are studied. The space of holomorphic sections is promoted to a left exact covariant functor from a category of modules over a quantum parabolic sub-supergroup to the category of locally finite modules of the quantum general linear supergroup. The right derived functors of this functor provides a form of Dolbeault cohomology for quantum homogeneous supervector bundles. We explicitly compute the cohomology groups, which are given in terms of well understood modules over the quantized universal enveloping algebra of the general linear superalgebra.
Introduction
We follow the general philosophy of non-commutative geometry [3, 11] to study quantum homogeneous supervector bundles arising from the quantum general linear supergroup. Our starting point is the quantized universal enveloping algebra U q (gl m|n ) (see e.g., [20, 23] ) of the complex general linear superalgebra gl m|n [7, 17] . As is well known, U q (gl m|n ) has the structure of a Hopf superalgebra [14, 13] . Thus its dual superspace U q (gl m|n ) * acquires a natural associative superalgebraic structure. The subspace A(gl m|n ) of U q (gl m|n ) * spanned by all the matrix elements of the finite dimensional U q (gl m|n )-representations with integral weights forms a Hopf superalgebra, which may be considered as the superalgebra of functions on the quantum general linear supergroup. This Hopf superalgebra is closely related to the multi-parameter quantization of the general linear supergroup of [12] , and obviously contains the Hopf superalgebra G q of [21] as a Hopf sub-superalgebra.
For any given reductive quantum sub-superalgebra U q (l) of U q (gl m|n ), we consider the subspace A(gl m|n , l) of A(gl m|n ) invariant with respect to left translations under U q (l). This subspace forms a sub-superalgebra of A(gl m|n ). In the spirit of non-commutative geometry [3, 11] , we shall regard A(gl m|n , l) as (the superalgebra of functions on) a quantum homogeneous superspace, and finite type projective A(gl m|n , l)-modules as (spaces of global sections of) quantum supervector bundles on the quantum homogeneous superspace. As we shall see, such A(gl m|n , l)-modules also admit a natural U q (gl m|n )-action. This provides an interesting link between the non-commutative geometry of the quantum supervector bundles and the representation theory of U q (gl m|n ). In the context of classical Lie groups, such a link is very well known and constitutes the subject of the Bott-Borel-Weil theory [2] (see [8] for a review on the algebraic theory). For Lie supergroups in the classical setting, the subject was studied by Penkov [15] (see also [16] ).
We shall study a version of Dolbeault cohomology for quantum homogeneous supervector bundles. Our method is based on Zuckerman's algebraic theory of induced representations [4, 8] , which was generalized to quantum groups by Andersen and coworkers in [1] , and also to Lie superalgebras in [16] . We shall make essential use of results of [1] .
We promote the space S of global sections and the space Γ of holomorphic sections of a quantum homogeneous supervector bundle to covariant functors from appropriate categories of modules over quantum sub-superalgebras of U q (gl m|n ) to the category of locally finite U q (gl m|n )-modules. The resultant functors are closely related to a quantum analogue of the Zuckerman functor, which will be introduced in Section 4. The derived functors of the 'holomorphic section functor' arising from Γ are the Dolbeault cohomology groups for quantum homogeneous supervector bundles which we seek for. When the quantum homogeneous supervector bundle S is induced by a finite dimensional irreducible module over a purely even reductive quantum subalgebra, or a finite dimensional dual Kac module (defined by (2.3)) over a general reductive quantum sub-superalgebra, we explicitly compute the cohomology groups in Theorem 5.2 and Theorem 5.3. The results resemble the classical Bott-Borel-Weil theorem [2] in that the cohomology is concentrated at one degree. However, the non-trivial cohomology groups are isomorphic to dual Kac modules over U q (gl m|n ), thus are not irreducible. The weight spaces of the cohomology groups are worked out.
The arrangement of the paper is as follows. Section 2 contains some background material on the general linear superalgebra and its quantized universal enveloping algebra. Section 3 introduces the notions of quantum homogeneous superspaces and quantum homogeneous supervector bundles on them, and study some basic properties of theirs. Section 4 studies induction functors. The Zuckerman functor is defined, and a version of Frobenius reciprocity is proven. Properties of various functors and module categories are also established, which are to be used in the next section. In Section 5 we first present the formulation Dolbeault cohomology for quantum homogeneous supervector bundles using results of Section 4, then compute the Dolbeault cohomology groups for bundles of interest.
Preliminaries
This section presents some preliminary material on the general linear superalgebra and its quantized universal enveloping algebra, which sets up the stage for the remainder of the paper. The section also serves to fix notations and conventions.
2.1. The general linear superalgebra gl m|n . Through out the paper we shall denote by g the complex general linear superalgebra gl m|n [7, 17] . Let I = {1, 2, · · · , m + n}, and I ′ = {1, 2, · · · , m + n − 1}. We shall identify g with the Lie superalgebra of (m + n) × (m + n)-matrices, where the Z 2 -grading is specified as follows. Denote by e ab , a, b ∈ I, the (m + n) × (m + n)-matrix unit with all entries being zero except that at the (a, b) position which is 1. We declare e ab to be odd if a ≤ m < b or a > m ≥ b, and even otherwise. Then {e ab |a, b ∈ I} forms a homogeneous basis of g. The maximal even subalgebra of g will be denoted by g 0 , which is equal to gl m ⊕gl n . Let g +1 = i≤m<r Ce ir , and g −1 = i≤m<r Ce ri . Then the odd subspace of g is g +1 ⊕ g −1 .
We fix the Borel subalgebra b consisting of the upper triangular matrices, and take h = a CE aa as the Cartan subalgebra. Let {ǫ a | a ∈ I} be the basis of h * such that ǫ a (E bb ) = δ ab . The space h * is equipped with a bilinear form ( , ) :
We shall denote by h * Z the Z-span of the ǫ a . The set of roots of g is {ǫ a − ǫ b |a = b}, with ǫ a − ǫ b being called odd if a ≤ m < b or b ≤ m < a, and even otherwise. The set of the positive roots relative to the Borel subalgebra b is {ǫ a − ǫ b | a < b}, and the set of simple roots is {ǫ a − ǫ a+1 | a ∈ I ′ }. An element λ ∈ h * is called dominant if 2(λ, α)/(α, α) ∈ Z + , for all positive even roots of g. Denote by 2ρ the signed-sum of the positive roots of g. A λ ∈ h * is called g-regular if (λ + ρ, α) = 0 for all even roots of g.
The elements of the following set {e a,a+1 , e a+1,a |a ∈ I ′ } ∪ {e bb |b ∈ I} generate g. We shall call a Lie sub-superalgebra r of g regular if there exist subsets Θ ± of I ′ and a subset Θ 0 of I such that r is generated by the elements of the set {e aa |a ∈ Θ 0 } ∪ {e b,b+1 |b ∈ Θ + } ∪ {e c+1,c |c ∈ Θ − }. The Lie sub-superalgebra r is called reductive if Θ 0 = I and Θ + = Θ − , and is called parabolic if Θ 0 = I, and either Θ + or Θ − is equal to I ′ . If r is a parabolic Lie sub-superalgebra, then it contains the reductive Lie sub-superalgebra, called the Levi factor of r, generated by the elements of the set {e aa |a ∈ Θ 0 } ∪ {e b,b+1 , e b+1,b |b ∈ Θ + ∩ Θ − }. Note that a parabolic Lie subsuperalgebra of g necessarily contains b or the opposite Borel subalgebrab spanned by the lower triangular matrices.
2.2.
The quantized universal enveloping algebra of gl m|n . Let q be an indeterminate, and denote by C(q) the field of complex rational functions in q. Set
We define the quantized universal enveloping algebra U q (g) [20, 23, 21] of the general linear superalgebra g to be the unital associative superalgebra over C(q) with the set of generators
subject to the following relations
where
. The E m−1 m+2 and E m+2 m−1 are the a = m − 1, b = m + 1, cases of the elements defined by (2.2), and
The Z 2 grading of the superalgebra is defined by declaring the elements K ±1 a , ∀a ∈ I, and E b b+1 , E b+1 b , b = m, to be even and E m m+1 and E m+1 m to be odd. Throughout the paper, we use [f ] to denote the parity of the element f of any Z 2 -graded space.
It is well known that U q (g) has the structure of a Hopf superalgebra [13, 14] , with a co -multiplication
, ∀b ∈ I, and antipode
The definition is independent of the c chosen [20] . These elements are the generalization to U q (gl m|n ) of a similar set of elements for U q (gl n ) constructed by Jimbo [6] . They were used in [9] for the construction of the universal R-matrix of U q (gl m|n ). We mention that the E ab behave very much like the images of e ab in the universal enveloping algebra of gl m|n . For example,
More importantly, we have the following Poincaré-Birkhoff-Witt theorem for U q (g).
Theorem 2.1. [20, 23] The ordered products of non-negative powers of all the E ab , a = b, and integer powers of all K c , c ∈ I, with respect to any linear ordering of the elements of {E ab , E ba |a < b} ∪ {K c |c ∈ I} form a basis of U q (g).
We shall assume that every U q (g)-module to be considered in this paper is Z 2 -graded. Let V be a U q (g)-module. A weight vector v ∈ V is the simultaneous eigenvector of all the K a , a ∈ I. We shall say that v is an integral weight vector with weight µ ∈ h *
We shall denote by L λ , λ ∈ h * Z , the irreducible U q (g)-module with a highest weight vector which is an integral weight vector with weight λ. The λ will be referred to as the highest weight of L λ . It was shown in [20] that L λ is finite dimensional if and only if its highest weight is dominant.
We shall call a Hopf sub-superalgebra of U q (g) a quantum sub-superalgebra. Corresponding to a regular Lie sub-superalgebra r of g specified by the sets Θ 0 and Θ ± , there exists an associated quantum sub-superalgebra U q (r) generated by the elements of the following set {K a , K −1 a |a ∈ Θ 0 } ∪ {E b,b+1 |b ∈ Θ + } ∪ {E c+1,c |c ∈ Θ − }. Important quantum sub-superalgebras are U q (h) and the two quantum Borel sub-superalgebras U q (b) and U q (b). If r is a parabolic (respectively reductive) Lie sub-superalgebra of g, then U q (r) will be called a parabolic (respectively reductive) quantum sub-superalgebra of U q (g). If U q (p) is parabolic with the Levi factor U q (l), then we have the Hopf su-
For later use, we consider here a particular module over a reductive quantum subsuperalgebra U q (l). Let U q (l 0 ) = U q (l) ∩ U q (g 0 ), and denote by U q (l ≤0 ) the Hopf subsuperalgebra of U q (l) generated by all the generators of U q (l) but E m,m+1 . Note that if
Definition 2.1.
This will be referred to as a dual Kac module over U q (l). The action of any
. Let Kerǫ ≤0 be the subspace of U q (l ≤0 ) annihilated by the co-unit ǫ. It generates a two-sided ideal J(l) of U q (l). By using the PBW theorem 2.1 (generalized in the obvious way to U q (l)) we can easily show that
It again follows from the PBW theorem that U q (l)/J(l) is finite dimensional. The U q (h)-module structure of its dual vector space can be described explicitly. Let Φ + 1 (l) be the set of the odd positive roots of l. Let E be the U q (h)-module with a basis
The exterior algebra of E forms a U q (h)-module, which we denote by Λ(l −1 ). Then (U q (l)/J(l)) * is isomorphic to Λ(l −1 ). Therefore, as a U q (h)-module (with diagonal action),
Quantum homogeneous Super Vector Bundles
In this section we introduce quantum homogeneous superspaces and quantum homogeneous supervector bundles in the context of the quantum general linear supergroup. Let us begin be considering the Hopf superalgebra of functions on the quantum general linear supergroup.
3.1. Functions on the quantum general linear supergroup. General references on Hopf (super)algebra are [13, 14] . A treatment of the classical general linear supergroup similar to what to be presented here is given in [18] . Let U q (g) * denote the Z 2 -graded dual vector space of U q (g). It has a natural associative superalgebraic structure induced by the co-superalgebraic structure of U q (g). Denote the multiplication of U q (g)
We shall use the notations φ(v) and φ, x interchangeably for the image of v ∈ V under φ ∈ Hom C(q) (V, W ).)
There exist two gradation preserving
It is easy to see that dL xy = dL x dL y , and dR xy = dR x dR y , for all x, y ∈ U q (g). Straightforward calculations show that each of these actions converts U q (g) * into a (graded) left U q (g)-module. Furthermore, with respect to the module structure the product map of U q (g) * is a U q (g)-module homomorphism and the unit element of U q (g) * is U q (g)-invariant. Therefore, each of these actions converts U q (g) * into a left U q (g)-module superalgebra. The fact that the product map in U q (g) * is a module homomorphism means that the operators dR x and dL x behave as some sort of generalized super derivations. Indeed, for all f, g ∈ U q (g) * , we have
where we have used the standard Sweedler notation for the co-multiplication of x.
However, for dL, we have
with respect to the opposite co-multiplication
The two actions also super-commute in the sense that dL x dR y = (−1)
kernel of f contains a co-finite ideal of U q (g)} be the finite dual [14] of the quantized universal enveloping algebra U q (g) of g. Here we remark again that we only consider Z 2 -graded subalgebras and (left, right or two-sided) ideals of U q (g) in this paper. We have the following lemma, which is an adaption of a standard result (see, e.g., Lemma 9.1.1 in [14] ) on ordinary associative algebras to U q (g). In fact the result is valid for any associative superalgebra.
* , the following conditions are equivalent:
Proof. The proof of Lemma 9.1.1 in [14] can be extended verbatim to superalgebras.
Therefore, f belongs to U q (g)
• if and only if one of the equivalent conditions are satisfied. The Lemma in particular enables us to impose a Hopf superalgebra structure on U q (g)
• , unit being ǫ, and co-unit being the unit 1 1
• is defined by
Recall that the antipode S • is invertible since S is. For convenience, we shall drop the subscript • from the notations for all the structure maps but the antipode of U q (g)
and call them the matrix elements of π. Since the kernel of any finite dimensional representation is an ideal of U q (g) with finite co-dimension, all the matrix elements of the representation belong to U q (g)
• is spanned by the matrix elements of all the finite dimensional representations of U q (g). To see this, we only need to consider an arbitrary non-zero element f ∈ U q (g)
• . Let K be a graded co-finite ideal of U q (g) contained in the kernel of f . Then U(g)/K forms a left U q (g)-module under left multiplication,
Let {x i + K} be a basis of U q (g)/K, and denote by f ij the matrix elements of the associated representation relative to this basis. Choose c i ∈ C(q) such that
• spanned by the matrix elements of the U q (g)-representations furnished by finite dimensional objects of C(g, g).
Proof. The space spanned by the matrix elements of any finite dimensional representation of U q (g) is a sub co-algebra of U q (g)
• . Thus A(g) forms a sub co-algebra of U q (g)
• . Since C(g, g) is closed under tensor product, A(g) is closed under multiplication. Also, if a finite dimensional U q (g)-module belongs to C(g, g), then so is also its dual. Thus A(g) is stable under the antipode of U q (g)
• .
Remark 3.1. From the discussion on matrix elements of finite dimensional representations we see that f ∈ U q (g)
Quantum homogeneous super vector bundles. Recall that in classical geometry, a compact manifold can be recovered from its algebra of continuous functions by the Gelfand-Naimark theorem. Also, the Serre-Swan theorem establishes a one to one correspondence between the spaces of the continuous sections of vector bundles over a compact manifold and the finite type projective modules of the algebra of continuous functions on the manifold. These results are taken as the starting point for non-commutative geometry [3] , where 'manifolds' are replaced by non-commutative algebras, and 'vector bundles' by finitely generated projective modules. The quantum homogeneous superspaces and quantum homogeneous supervector bundles to be studied here are defined in this spirit.
As is well known, all holomorphic functions on a compact complex manifold are constants. Therefore, the algebra of holomorphic functions contains little information about the manifold itself. This problem persists in classical supergeometry [10] and also quantum geometry [5] . However, as shown in [5] in the context of ordinary quantum groups, we can get around the problem by working with the quantum analogues of smooth functions in a real setting. To do this, we need some basic notions about * -Hopf superalgebras [21, 22] . A * -superalgebraic structure on an associative superalgebra A over C(q) is a conjugate linear anti-involution θ : A → A: for all x, y ∈ A, c, c ′ ∈ C(q),
Herec andc ′ are defined in the following way. Let P be a complex polynomial in q. ThenP is the polynomial obtained by replacing all the coefficients of P by their complex conjugates. Now if there is another polynomial Q in q such that c = P/Q, thenc =P /Q.
Remark 3.2. Note that the second equation in (3.3) does not involve any sign factors as one would normally expect of superalgebras.
We shall sometimes use the notation (A, θ) for the * -superalgebra A with the * -structure θ. Let (B, θ 1 ) be another associative * -superalgebra. Now A ⊗ B has a natural superalgebra structure, with the multiplication defined for any a, a
Furthermore, the following conjugate linear map
defines a * -superalgebraic structure on A ⊗ B.
Let us assume that A is a Hopf superalgebra with co-multiplication ∆, co-unit ǫ and antipode S. If the * -superalgebraic structure θ satisfies
then A is called a Hopf * -superalgebra. Now σ := Sθ satisfies σ 2 = id A , as follows from the definition of the antipode. Let A 0 denote the finite dual of A, which has a natural Hopf superalgebraic structure. If A is a Hopf * -superalgebra with the * -structure θ, then σ = Sθ induces a map ω :
As can be easily shown [22] , this map ω gives rise to a Hopf * -superalgebraic structure on A 0 . In the case of U q (g), the following conjugate anti-involution defines a Hopf * -superalgebra structure:
The classical counter part of this map determines a compact real form of the complex general linear supergroup. Let σ = Sθ, and define
Clearly U R q (g) forms an associative superalgebra over R(q), even though it may not have a Hopf superalgebra structure. We shall refer to it as a real form of U q (g), as
• acquires a Hopf * -superalgebra structure ω which is induced by σ. It is easy to show that the image under ω of any matrix element of a finite dimensional U q (g)-representation with integral weights must again be a matrix element of a U q (g)-representation with the same properties. Thus Lemma 3.3. A(g) forms a Hopf * -superalgebra.
Therefore A(g) should be considered as some 'complexification' of the superalgebra of functions on a compact form of the quantum general linear supergroup.
Let us denote by dL x and dR x respectively the restrictions of dL x and dR x to A(g). The following definition will be important for the remainder of the paper. Let U q (l) be a reductive quantum sub-superalgebra of U q (g). Set U
where ǫ is the co-unit of U q (g).
We shall show presently that A(g, l) forms a superalgebra. In the philosophy of non-commutative geometry [3] , A(g, l) defines some virtue quantum homogeneous superspace.
It is useful to compare the situation with classical supergeometry [10] . Let Λ be a finite dimensional Grassmann algebra. Take a parabolic subgroup P of GL(m|n; Λ) with Lie superalgebra p = l ⊕ u where u is some nilpotent ideal of p. Let U(m|n) be a compact real form of GL(m|n; Λ), and set K = P ∩ U(m|n). Then we have the symmetric superspace U(m|n)/K. The tensor product of Λ with the classical analogue of A(g, l) should capture the essential information of the complexification of the superalgebra of functions on U(m|n)/K.
, we can show that an element f of A(g) belongs to A(g, l) if and only if
Also, by Remark 3.1, an element g of U q (g)
. Combining these observations, we arrive at the following result.
Using the left U q (g)-module algebra structure of A(g), we immediately show that Lemma 3.5. The A(g, l) is a sub-superalgebra of A(g).
Proof. U q (l), being a Hopf sub-superalgebra of U q (g), satisfies ∆(
Since A(g, l) is non-commutative, there is a distinction between left and right A(g, l)-modules. However, the two sides of the story are 'mirror images' of each other, thus we shall consider Z 2 -graded left A(g, l)-modules only. A finitely generated projective module over the superalgebra A(g, l) will be regarded as the space of sections of a quantum supervector bundle over the quantum homogeneous superspace.
. Again it can be easily shown that
This fact will be used to prove the following result.
Proposition 3.1.
(1) S(Ξ) forms a left A(g, l)-module under the action
Proof. For f ∈ A(g, l) and ζ = w i ⊗ a i ∈ S(Ξ), we have
where the second step uses (3.2) and the defining property of A(g, l), while the third uses the definition of S(Ξ). This proves the first claim. The second claim is quite obvious.
A quantum homogeneous supervector bundle is called trivial if it is isomorphic to a free left A(g, l)-module. Quantum homogeneous supervector bundles induced by U q (g)-modules are all trivial.
Proposition 3.2. S(Ξ) is freely generated over
Proof. The proof is adapted from [5] . Note that a finite dimensional left U q (g)-module Ξ has a natural right U q (g)
• -comodule structure
• by the composition of the following maps
where m o is the multiplication of U q (g)
• . Explicitly,
] v
where we have used Sweedler's notation for δ(v (i) ). The inverse of κ is given by the composition of the following maps
The restriction of κ to S(Ξ) is a left A(g, l)-module map as can be easily seen from (3.11). By using (3.11), we can also show by a direct calculation that for any ζ ∈ S(Ξ),
that is κ(ζ) ∈ Ξ⊗A(g, l) by Lemma 3.4. Since κ is invertible, κ (S(Ξ)) = Ξ⊗A(g, l).
As an immediate consequence of the proposition, we obtain the following sufficient condition which renders S(Ξ) projective over A(g, l).
If U q (g) was an ordinary quantized universal enveloping algebra associated with a finite dimensional semi-simple Lie algebra, it was shown in [5] that S(Ξ) was always projective over A(g, l). Unfortunately this is no longer true for U q (gl m|n ). However, if U q (l) is a purely even reductive quantum subalgebra of U q (g), that is, U q (l) ⊂ U q (g 0 ), then S(Ξ) is a finitely generated projective A(g, l)-module. More generally, we have the following result.
λ is the dual Kac module over U q (l) defined by (2.3).
Proof. To prove this, we letL
be the irreducible U q (g ≤0 )-module with lowest weight −λ, which is finite dimensional.
−λ . ThenV −λ is a finite dimensional U q (g)-module, which naturally restricts to a U q (l)-module. Letv −λ ∈V −λ be a non-zero vector with weight −λ, which generates a U q (l)-moduleK = U q (l)v −λ . RegardV −λ as a U q (h)-module, we have the decompositionV −λ =K ⊕K ⊥ . This in fact is also a direct sum of U q (l)-modules as the weights ofK ⊥ differ from those ofK by roots not belonging to l. The dualV * −λ ofV −λ has a natural U q (l)-module structure, and contains the U q (l)-submoduleK
λ as a direct summand. Therefore Proposition 3.1 applies to the present situation.
The space S(Ξ) has a direct bearing on the representation theory of U q (g).
Lemma 3.7.
(1) S(Ξ) forms a U q (g)-module under the action
Proof. The first part follows from the fact that the two actions dL and dR of U q (g) on A(g) super-commute. To see the second part, let ζ = v i ⊗ f i be in S(Ξ). Then for all x ∈ U q (g),
Of particular interest to us is the case when Ξ is a finite dimensional U q (p)-module, where U q (p) is a parabolic quantum sub-superalgebra of U q (g) with U q (l) as its Levi factor. Then S(Ξ) contains the following subspace.
Again by using the super-commutativity of the U q (g)-actions dL and dR on A(g) we can easily show that
Let X(p, l) denote the set of E a+1,a or E a,a+1 which are contained in U q (p) but not in U q (l). If the U q (p)-module Ξ has the property that every element of X(p, l) acts by zero, then in this case the definition of Γ(Ξ) reduces to
Thus Γ(Ξ) plays a similar role as the space of holomorphic sections in classical geometry. We shall refer to it as the space of holomorphic sections of the homogeneous supervector bundle determined by S(Ξ).
We shall promote Γ to a covariant functor from the category C(p, l) of the U q (l)-finite modules over the parabolic subalgebra U q (p) to the category C(g, g) of locally finite U q (g)-modules. The resultant functor is shown to be left exact, and its right derived functors will be regarded as the Dolbeault cohomology groups of the homogeneous supervector bundle.
Induction Functors
We study induction functors and their derived functors in this section. Results will be applied to develop a representation theoretical formulation of a quantum analogue of Dolbeault cohomology for the quantum homogeneous supervector bundles. References for background material on this section are [4] and [8] . The elementary facts from homological algebra used here can be found in any text book, e.g., [19] .
Categories of modules.
We start with a discussion on module categories of U q (g) and its quantum sub-superalgebras which will be used later.
For any quantum superalgebra U, we shall assume that every U-module to be considered in this paper is Z 2 -graded. Thus corresponding to each U-module V , there exists another module ℘V which is equal to V as a set, but with (℘V )0 = V1, and (℘V )1 = V0. Let ℘(v) denote the element of ℘V corresponding to v ∈ V . The action of U on ℘V is defined by x℘(v) = (−1)
[x] ℘(xv), for all x ∈ U. Let U q (r) be a quantum sub-superalgebra of U q (g). Denote by C inh (r) the category of U q (r)-modules, where the space Hom U (V, W ) of morphisms between any two U-modules V and W is a Z 2 -graded subspace of Hom C(q) (V, W ) consisting of such elements φ that for all x ∈ U q (r) and v ∈ V , φ(xv) = (−1) [x] [φ] xφ(v). The parity change map ℘ is odd, and becomes a covariant functor on C inh (r) if for any φ ∈ Hom Uq(r) (V, W ) we define ℘(φ) ∈ Hom Uq(r) (℘V, ℘W ) to be the same as φ on sets. Note that if φ ∈ Hom Uq(r) (V, W ) is an inhomogeneous morphism between objects V and W in C inh (r), the kernel and image of φ are not necessarily Z 2 -graded in general, thus C inh (r) is not an Abelian category.
Assume U q (r) contains a reductive sub-superalgebra U q (k) of U q (g). Every U q (r)-module V naturally restricts to a U q (k)-module.
Let U q (q) be either a parabolic or reductive quantum sub-superalgebra of U q (g). If U q (q) contains the reductive quantum sub-superalgebra U q (k), we shall talk about the pair (U q (q), U q (k)) of quantum sub-superalgebras. Two pairs of sub-superalgebras (U q (q), U q (k)) and (U q (p), U q (l)) are said to be compatible if we have the Hopf superalgebra inclusions U q (q) ⊇ U q (p) and U q (k) ⊇ U q (l), and in this case, we write (U q (q), U q (k)) ⊇ (U q (p), U q (l)). Given a pair (U q (q), U q (k)), we shall denote by C inh (q, k) the full subcategory of C inh (q) with the U q (k)-finite U q (q)-modules as its objects. Clearly, C inh (q, k) is closed under passage to graded sub-modules, graded quotients and finite direct sums. It is also closed under finite tensor products. Definition 4.2. Let C(q) be the subcategory of C int (q) consisting of the same objects and the even morphisms of C inh (q). Let C(q, k) be the full subcategory of C(q) with the U q (k)-finite objects.
Then C(q) is obviously an Abelian category, and it follows from Remark 4.1 that C(q, k) is also Abelian.
Induction functors.
Let (U q (p), U q (l)) be a pair of quantum sub-superalgebras of U q (g), where U q (p) is either a parabolic or reductive quantum sub-superalgebra of U q (g), and U q (l) is a reductive quantum sub-superalgebra of U q (g) contained in U q (p). We recall that all the objects of the categories C(p) and C(p, l) are Z 2 -graded, and all the morphisms of the categories are even. 
p is well defined because of Remark 4.1. When U q (p) = U q (l)) = U q (g), we have an analogue of the Zuckerman functor. 
, we want to show that the following sequence in C(p, l) is also exact:
Thus the injectivity of i implies the injectivity of Z(i).
The injectivity of i forces U q (p)u to be a U q (p)-submodule of Z(U). In particular, u ∈ Z(U). Thus ImZ(i) ⊇ KerZ(j). But it is obvious that ImZ(i) ⊆ KerZ(j). Hence the sequence is also exact at Z(V ).
Let U q (q) either be a parabolic or reductive quantum sub-superalgebra of U q (g), and let (U q (p), U q (l)) be as given above with U q (q) ⊇ U q (p). We define the covariant functor
for any object V and morphism φ ∈ Hom C(p,l) (V, W ). Here I q p,l (φ) is defined for any
The functor I q p,l is the composition of the exact functor of tensoring with U q (q) * and the left exact functor of taking U q (p) invariant submodules, thus is also left exact. Let us examine some further properties of the Zuckerman functor and the induction functor.
Let U q (q) be either a parabolic or reductive quantum sub-superalgebra of U q (g), and let U q (k) be a reductive quantum sub-superalgebra of U q (g). Assume U q (q) ⊃ U q (k). Then for any object W of C(q),
To prove this, we define the adjoint action of U q (q) on itself
where Sweedler's notation ∆(y) = (y) y (1) ⊗ y (2) is used for the co-multiplication of y. By using the Poincaré-Birkhoff-Witt (PBW) Theorem 2.1, we can choose a set of y i each of which is a product of E ab associated with the roots of q not contained in k, such that every element x ∈ U q (q) can be expressed as a finite sum x = y i u i with u i ∈ U q (k). By considering the PBW theorem again, we see that there exists a finite set Y x of the y i such that every element of the space ad Uq(k) (x) := {ad u (x) | u ∈ U q (k)} can be expressed in the form
This implies u(xw) ∈ y∈Yx y (U q (k)(xw)), for all u ∈ U q (k). Therefore,
where Y x is the cardinality of Y x . Also, if x carries a fixed weight and w is a weight
Proof. It is clearly true that for any morphism φ ∈ Hom C(p,l) (V, V ′ ), we have I
To prove that the Lemma holds on objects, we need the following technical result which will be proved below:
With (4.4) granted, we have for any object V of C(p, l) that
The far right hand side of the equation can be simplified by using the following relation
and we arrive at
p,l (V ). Now we turn to the proof of equation (4.4) , which is equivalent to the statement that for any ζ ∈ Z r,j
By the PBW theorem for U q (r), there exists a set of x i , each of which is a product of elements associated with roots of r not contained in q, such that every z ∈ U q (r) can be expressed as a finite sum y i x i with y i ∈ U q (q). Let ν i be the weight of x i , which is a sum of roots of r thus is integral. We have
where u • ζ is as defined by (4.2), and π W refers to the U q (q) action on W . From this equation we can deduce that
Arguing as in the proof of (4.3), we conclude that for every x i , there exists a finite set X i of the x j such that every element of ad Uq(k) (x i ) can be expressed as x j u j , where x j ∈ X i and u j ∈ U q (k). Now ζ, x j u j = u j • ζ, x j , and ζ ∈ Z r,j r • Hom Uq(q) (U q (r), W ) implies that the span of u • ζ for all u ∈ U q (k) is finite dimensional. Therefore, 
of Z 2 -graded vector spaces for all W in C(q, k) and V in C(p, l).
Proof. Since W is an object of C(q, k), the image of any vector of W under an arbitrary φ ∈ Hom Uq(q) W, Hom Uq(p) (U q (q), V ) belongs to I q,k p,l (V ). From this we can easily deduce that
The right hand side can be further rewritten as Hom Uq(p) U q (q) ⊗ Uq(q) W, V . Now
This establishes the claimed isomorphism between the vector spaces. Let us now show that φ → φ(1 1 Uq(q) ), φ ∈ Hom Uq(q) (W, I
q,k p,l (V )), is indeed the required map. The φ(1 1 Uq(q) ) (We shall write 1 for the identity 1 1 Uq(q) of U q (q).) is the evaluation of φ at the identity of U q (q). Denote by • the action of U q (q) on I q,k p,l (V ). Then for any x ∈ U q (q) and w ∈ W , we have
where the symbol • refers to the U q (q)-action on I q,k p,l (V ). If φ belongs to the kernel of the map (4.6), then φ(x) = 0, ∀x ∈ U q (q). This forces φ = 0. Thus the map (4.6) is injective, and because of the isomorphism (4.7), it must be a bijection.
We still need to show that φ(1) ∈ Hom Uq(p) (F p,l q,k (W ), V ). But this is clear, as the defining property of I
This completes the proof.
The following result is an immediate consequence of Theorem 4.1. C(q, k) . Consider the pair (U q (p), U q (l)) of quantum sub-superalgebras of U q (g), where U q (l) is assumed to be reductive as always. Proof. Let U q (l 0 ) = U q (l)∩U q (g 0 ). Every U q (l 0 )-finite U q (p)-module is also U q (l)-finite and vice versa, hence the categories C(p, l 0 ) and C(p, l) are identical. Since U q (l 0 ) is the tensor product of some non-super U q (gl k )'s, every object of C(l 0 , l 0 ) is semi-simple, thus is injective. Let V be an U q (l)-finite U q (p)-module, which can be restricted to an object of C(l 0 , l 0 ). Now I p,l l 0 ,l 0 (V ) is injective as follows from the above Corollary. By Theorem 4.1 we have the isomorphism
Consider the pre-image of the identity map id V ∈ Hom Uq(l 0 ) (V, V ) under F ,
Remark 4.2. The I q,k p,l can be extended to a covariant functor C inh (q, k) → C inh (p, l) in the obvious way. It also takes injectives to injectives. By using Frobenius reciprocity, we can also show that the category C inh (p, l) has enough injectives. Now we restrict our attention to the induction functor I g,g p,l : C(p, l) → C(g, g). Since the Abelian category C(p, l) has enough injectives, and I g,g p,l is left exact, it makes sense to talk about its right derived functors [19] I g,g p,l k , k ∈ Z + . We now give a concrete description of I g,g p,l k . Let V be any object of C(p, l). Then its restriction to a U q (l 0 )-module lies in C(l 0 , l 0 ) and thus is injective. We construct the following injective resolution of V in C(p, l),
where the U q (p)-modules and maps are defined inductively by
Here ι is similarly defined as in (4.8) , p is the canonical projection, and
The sequence (4.9) is clearly a resolution, with all I k (V ) being injective because of Corollary 4.1. We shall call this injective resolution the standard resolution. Now apply the left exact covariant functor I g,g p,l to it and ignore the first term I g,g p,l (V ), we arrive at the following complex in C(g, g):
.
Let us denote by Ω(p, l; V ) the complex (4.11), and by H k (Ω(p, l; V )) its cohomology groups. Then we have [19] I g,g p,l
which are independent of the injective resolution (4.9) chosen. Left exactness of the induction functor implies
Quantum Bott-Borel-Weil Theorem
Throughout this section, we shall assume that (U q (p), U q (l)) is a pair of quantum subsuperalgebras such that U q (l) is a reductive quantum sub-superalgebra of U q (g), and U q (p) is the parabolic with U q (l) being its Levi factor. For the sake of concreteness, we also assume that U q (p) contains the lower triangular Borel subalgebra U q (b) of U q (g). We shall also denote
The main results of the section are Theorems 5.2 and 5.3, which might be considered as a form of Bott-Borel-Weil theorem for the quantum general linear supergroup. 5.1. Dolbeault cohomology groups. We first formulate the Dolbeault cohomology groups of the homogeneous supervector bundles as the derived functor of an induction functor. First note that the domain of S can be extended to the category C(l, l), and that of Γ to the category C(p, l). Below we shall consider these more generally defined S and Γ. We have the following result.
Theorem 5.1. S coincides with I g,g l,l on C(l, l). Proof. By examining the second part of Proposition 3.1, we easily see that S agrees with I g,g l,l on maps. Let Ξ be an object of C(l, l). The inclusion S(Ξ) ⊆ I g,g l,l (Ξ) is obvious since Ξ ⊗ A(g) is U q (g)-finite with respect to the action id Ξ ⊗ dR Uq(g) . Any element ζ ∈ Hom Uq(l) (U q (g), Ξ) can be expressed as ζ = ξ i ⊗f i , where f i ∈ U q (g) * and ζ i ∈ Ξ. The ζ belongs to I g,g l,l (Ξ) only if dim(R Uq(g) (f i )) < ∞, ∀i. This is equivalent to the condition that all the f i belong to U q (g)
• , as follows from Lemma 3.1. Since Ξ regarded as a U q (h)-module is integral, we may assume that the ξ i are weight vectors with integral weights. The defining property of I g,g l,l (Ξ) requires the f i be dL Uq(h) eigenvectors in U q (g)
• with integral weights. Hence by Remark 3.1, the f i must all belong to A(g).
In exactly the same manner we can show that 
5.2.
The computation of cohomology groups. The rest of the paper is devoted to the computation of H 0,k (G/P, S(Ξ)).
5.2.1.
A special case with U q (l) ⊂ U q (g 0 ). Denote by Proof. We need to show that Hom Uq(g ≤0 ) (U q (g), · ) is exact on C(g ≤0 , g 0 ), and for any V in C(g ≤0 , g 0 ), Hom Uq(g ≤0 ) (U q (g), V ) is U q (g 0 )-finite. It is fairly easy to see that Hom Uq(g ≤0 ) (U q (g), V ) is spanned by integral weigh vectors since V is an object of C(g ≤0 , g 0 ). Let U +1 denote the subspace of U q (g) spanned by the ordered products of (E iα ) θ iα , i ≤ m < α, θ iα = 0, 1. Clearly dim U +1 = 2 mn . Then
This in particular implies that Hom Uq(g ≤0 ) (U q (g), · ) is exact. Given any x ∈ U q (g 0 ) and η ∈ U +1 , there exist η j ∈ U +1 and x j ∈ U q (g 0 ) such that ηx = x j η j . Let ζ = f i ⊗ v i be in (U +1 ) * ⊗ V. We have
Since V is U q (g 0 )-finite, we can deduce from this equation that U q (g 0 ) • ζ is finite dimensional for any ζ = f i ⊗ v i ∈ (U +1 ) * ⊗ V. This completes the proof.
The following proposition is one of the main results of this paper.
Proposition 5.1. Let U q (l) ⊆ U q (g 0 ) be a reductive quantum subalgebra of U q (g). Let U q (p) ⊇ U q (b) be the parabolic quantum sub-superalgebra of U q (g) with U q (l) as its Levi factor. Let L defined by ζ, ux = π V (u) P (ζ), x , for all u ∈ U q (b), x ∈ U q (l). Therefore,
I
p,l b,h
